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Abstract. We show that E4-Amoeba-absoluteness imphes that Va G M (a;('^"^ < o;}^), and 
hence Eg-measurabihty. This answers a question of Haim Judah (private communication) . 



Introduction 

We study the relationship between Amoeba forcing and projective measurabihty. Re- 
call that the Amoeba partial order A is defined as follows. 

AeA AC 2^ A A open A fj,{A) < \ 
A<B B CA 

Amoeba forcing generically adds a measure one set of random reals. Its importance in 
the investigation of measurability of projective sets stems from the classical result, due to 
Solovay, that 

(*) all 'Elsets are measurable <^==^ Va G M {n{Ra{L[a])) = 1) 

* The author would like to thank the MINERVA-foundation for supporting him 
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(see, e.g., [JS 2, 0.1. and § 3]). Here Ra{M) denotes the set of reals random over a model 
M of set theory. 

The connection between Amoeba forcing and projective measurability was made more 
explicit through Judah's study of absoluteness between models V QW oi set theory such 
that is a forcing extension of V [Ju] . 

Definition (Judah [Ju, § 2]). Let F be a universe of set theory. Given a forcing notion 
P e y we say that F is — F-absolute iff for every S^-sentence (f) with parameters in V 
we have V \= (/) iSV^ \= 4>- (So this is equivalent to saying that MY K^*" •) 

Note that Shoenfield's Absoluteness Lemma [Je, Theorem 98] says that V is always — P- 
absolute. Furthermore, using (*), Judah showed [Ju, § 2] 

(**) all E2-sete are measurable in V <^=^ V is T,^ ~ A-absolute. 

Whereas there is no way of getting a characterization of Sg-measurability analogous to 
(*)) (**) suggests the investigation of the relation between S3-measurability and S4 — A- 
absoluteness. The main goal of this note is to establish one implication, namely that 
E4 — A-absoluteness implies Sg-measurability (Theorem 5 in § 2). Our tools for proving 
this theorem are a partial earlier result of Judah's, who showed Theorem 5 under the 
additional assumption that Va G ffi {ui^^^ < ujY)^ combinatorial ideas due to Cichon 
and Pawlikowski [CP], which will eventually yield that Judah's additional assumption is 
in fact a consequence of T,\ — A-absoluteness (§ 1 and Theorem 4 in § 2). 

Notation. We shall mostly work with 2^ or oj^ instead of M. C denotes the ideal of 
Lebesgue measure zero sets, and B is the ideal of meager sets. S^(>C) stands for all S^-seis 
are Lebesgue measurable; and T,\{B) means all E^-seis have the property of B aire. For a 
non-trivial (T-ideal X C P(2'^), let add{X) be the size of the smallest family of members in 
X whose union is not in X; coviX) denotes the least k such that 2^ can be covered by n sets 
from X; unif{T) is the cardinality of he smallest subset of the reals which does not lie in X; 
and co/(X) is the size of the smallest JF C X such that every member of X is included in a 
member of J-'. We always have add{X) < cov{I) < cof{X) and add{I) < unif{X) < cofiX) 
(see, e.g., [CP] for details concerning these invariants in case X = C or B). 

Our forcing notation is rather standard (see [Je] for any notion left undefined here). 
We confuse to some extent Boolean- valued models and forcing extensions 1^[G], G 
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P-generic over V. For p.o.s P, Q, P <c Q means that P can be completely embedded in 
Q. For a sentence of the P-forcing language 0, ||0|| is the Boolean value of (f). P-names 
for objects in the forcing extension are denoted by symbols like r. Finally, B will stand for 
the random algebra, C for the Cohen algebra, and D for the Hechler p.o. (see, e.g., [BJS]). 

Acknowledgments. I am very much indebted to both Haim Judah (for sharing with 
me his insight into projective measurability and motivating me to work in the area) and 
Andrzej Roslanowski (for several stimulating discussions, concerning mainly the material 
in § 1). 



§ 1. The combinatorial component 

We start with a straightforward generalization of one version of the main result of 
[CP]. The proof is included for completeness' sake. 

Theorem 1 (Cichoh - Pawlikowski [CP, § 1]). Assume that C <c P, and that for any 
uncountable TCP there is an s & C such that for all£ & u there exists F <ZT of size i such 
that any t extending s is compatible with F e P. Then there is a family {Aj^; x e co'^nV} 
of Lebesgue measure zero sets in such that for all z G , {x G to'^ DV; z ^ A^} is at 
most countable. 

Proof. Let {t„; n G w} be a one-to-one enumeration of uj^'^; set code{T) = n iff 
T = Tn for any r G uj^^. Let {C"(i); i G cv} be an enumeration of all open intervals in the 
unit interval I = [0, 1] with rational endpoints of length 2~", For x,y E uj^ let 

= / C'^{^yin){code{x\y{n+ 1)))) if code{x\y{n + 1)) G dom{Ty(^n)) 
\ if not 

Let = fin Um>n ^^,y Clearly n{Bx,y) = 0. We claim that if c is Cohen over V, 

Ax = Bx^c for X G o;'^ n y, then {A^^ x E uj'^ DV} is the required family. 

For suppose not. Then there are a P-name ^, an uncountable set T C a;'*' fl y , T G 
conditions £ P, and kx E (jJ {x eT) such that 
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P.U^n>kAz^Bl,) (*). 

Choose T' C T uncountable and k e co such that Vx e T' {k^ = k). Fix s e C according 
to T'. Let i > k, i > and choose F C cu'^ of size 2^ such that {p^; x G F} satisfies 

the requirements of the Theorem. Next let n > £ be such that |{a;fn; x G -F}| = 2^. Let 
F — [xi] i G 2^}, and choose io, 12^-1 such that C^(io) U ... U C^(i2^-i) = I- Let m E u> 
be such that Tm{code{xQ\n)) = io, ■■■jTm{code{x2e-i\n)) = i2t-i- Let t < s be such that 
t{t) = m, t{e+l) = n. Then {j.^^^ C^{Tt(£){code{xi\t{l + 1)))) = I, i.e. 

tnflK; xeF} Ihp^ G U C7^(rg(,)(code(xUc(£+ 1)))) = |J 
contradicting (*). □ 

As each open set in 2^ can be written as a countable disjoint union of sets of the form 
W] — {/ ^ 2^^; a C /}, where a G 2^'^, we can think of a condition A in the Amoeba 
algebra A as a function (j) : u ^ Uieco -P(2*) with 0(i) G P(2*) such that a G (^(i) iff cr G 2* 
and a lies in the countable disjoint decomposition of A. We can furthermore assume that 
(f) has the property: 

(*) Va G 2^ \ 0(0 (/x(U{[t]; t D a a 3j > i (t G 0(j))}) < 2-'). 

(Then is unique.) We define a p.o. A' as follows. 

(1) dom{(t)) =cu A yieu G P(2*)) A satisfies (*) 
2) zi C (li is an initial segment of 0) 
3) MU{k]; 3i G a; (a G 0(i))}) < i 

(u, 0) < (v, V') «^=^ V A MiMa E 3j < i 3t E (cr D r) 
Lemma 1. A and A' are equivalent. 

Proof. We define $ : A ^ A' as follows. ^*(0) = {u,(j)), where it C is such 
that dom{u) is maximal with the following property: for any extension ^ in A, 
il)\dom{u) = <p\ dom{u) . We claim that $ is a dense embedding. 

Clearly ip < (p implies $('0) < $(0), and -0X0 implies $('0)±$(0). To check density, 
choose {u, 0) G A'. Let i := dom{u) — 1; and set S'^ := {a G 2*; for no j < i does there 
exist T G u{j) such that a D r}. For cr G -S^ we have nia- := A*([c"] \ U{[t]; t D a A 3i > 
dom{u) (r G 0(i))}) > 0. Let a := min{ma, cr G .S,^}; and note that X^^^^g^ m-o- > ^. 
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Now define satisfying (*) such that 

1) e dom{u) = 

2) Vi > domiu) Vri G (f){i) 3j < i 3r2 G V'O') ij2 ^ ti) 

3) i>MU{[r]; 3^Ga;(TG^(i))})>i-f 

4) for each a G S"^, ;u([cr] \ U{[r]; r^cr A 3i>n(rG ^(i))}) > f 
This is clearly possible. By construction we have $('0) = {u, i/j) < {u, 0). □ 

Next define A" C A' by 

{for some n G a; we have /u(U{[cr]; 3i G dom{u) {a G u{i))}) > | — 
/x(U{[(t]; 3i G rfom(?i) - 1 (fj G u{i))}) < ^ - ^, 
and //(U{[(7]; 3i > dom{u) {a G (pii))}) < fprpr- 

Clearly A" is dense in A'. Finally we want to define h : A" C giving rise to a complete 
embedding of C into A. To this end, let / : a; — > a; be such that Mn 3°°i (/(i) = n). For 
(tt, 4>) G A" and n E uj such that | — > //(U{[(t]; 3i G dom{u) {a G > | — ^ 

and each j < n choose ij minimal such that //(U{[cr]; 3i G ij {a G u{i))}) > | — and let 
(j))) = (/(^o)) ■■■ (/(^n))- We leave it to the reader to verify that /i : A" — > C is indeed 
a projection (in the forcing theoretic sense). Furthermore, given T C A" uncountable we 
can find T' C T uncountable and u such that all elements of T' are of the form (m, cp) 
for some 0. Then there is an s G C such that W{u,(j)) G T' {h{{u,(f))) = s). Next, given 
£ G a;, we can find F C T' of size £ such that (IF G A". Clearly h{r\F) = s and so any 
extension of s in C will be compatible with (IF. Hence we have proved that A" satisfies 
the requirements of Theorem 1. Using Lemma 1 we get 

Theorem 2. There is a family {Ax] x G o;'^ n V} of Lebesgue measure zero sets in 
such that for all z G , {x E u'^ nV; z ^ Ax} is at most countable. □ 

Corollary 1. LetV CW be models of ZFC such that loY = ■ Then there is no 
real random in over . 

Proof Let {Ax; x e u'^ nW}he as in Theorem 2 and note that ^z E u"^ (1 3x G 
uj^ nV {z E Ax). Hence any real in lies in a measure zero set coded in . □ 

Using a similar argument as in [CP, § 3] we can prove 

Corollary 2. After adding one Amoeba real, cov{C) = add{C) = ui and unif{C) = 
cof{C) = 2'^. □ 
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We note that in [BJS, § 2] results much stronger than Theorem 2 and the Corollaries 
were proved for the Hechler p.o. D; e.g. it was shown that after adding a Hechler real, 
add{B) = unifiB) = ui and cof{B) = cov{B) = 2'^ [BJS, 2.5.]. Accordingly we ask: 

Question [BJS, 2.7.]. Is unif{B) = ui and cov{B) = 2"^ after adding an Amoeba 
real? 

Before ending this section I wish to include a few comments, some of which are due 
to Andrzej Rosianowski. 

Definition (implicit in [Tr 2]). A p.o. P is said to have u;)-ca/z6er iff for any- 
uncountable T C P of size (jJi there is a countable F CT such that OF e P. 

This is equivalent to: any set of ordinals A in of size > cui has a countable subset B in 
y [Tr 2]. It is easy to see that if C <c P and P has (a;i, C(;)-caliber, then the assumptions 
of Theorem 1 are satisfied. Furthermore the Amoeba algebra A has (cji, c<;)-caliber (the 
proof for this is similar to the corresponding proof for the random algebra B, given in [Tr 
2]). This gives an alternative argument to prove Theorem 2. — Our reason for giving the 
(slightly more difficult) above argument involving A' and A" is that along the same lines 
results corresponding to Theorem 2 and the Corollary can be proved for p.o.s not having 
(cui, a;)-caliber. We include two examples for such p.o.s: 

— the eventually different reals p.o. E, due to Miller [Mi] : 

(s, G) G E <^ s e uj<'^ A G e [u^]<^ 
(s, G) < {t, H) sDtAG^HAVgeH\/i {dom{t) < i < dom{s) s{i) ^ g{i)) 

— the localization p.o. L (see, e.g., [Tr 3, § 2]): 

{a,G) a e {[u]<^)<'' A Vi e dom{a) {\a{i)\ = i+l) A Ge [u^]<dom{a)+i 

{a, G) < (r, H) <s=^ a ^ t A G ^ H A Mg e H \/i {dom{T) < i < dom{a) g{i) e (t{i)) 

Let {fa', a < LVi} C u'^ he a family of pairwise eventually different reals (i.e. a ^ f3 ^ 
3n\/k > n {fa{k) ^ fpi^k))). Then {((), {/«}); a < ui} is an uncountable set of conditions 
in E (and L) such that no countable subset has nontrivial intersection, thus witnessing that 
E and L do not have (cui, c<;)-caliber. We leave it to the reader to verify that both still 
satisfy the assumptions of Theorem 1, however (note that both have a definition similar 
to, but easier than. A"). 

(The localization p.o. L arose from Bartoszynski's characterization of the cardinal 
add{C) [Ba], and is closely related to the Amoeba algebra A. Truss [Tr 3, § 4] showed that 
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A <c L. By the above discussion the converse cannot hold.) 



§ 2. The projective part 

We first introduce a notion closely related to absoluteness, and discuss the relationship 
between the two notions. 

Definition (Judah [Ju, § 2]). Let y be a universe of set theory. Given a forcing notion 
P G y we say that V is — F-correct iff for every E^-formula with parameters in 
V and for every P-name r for a real we have V[t] \= (I){t) iff \= 4>{t). 

Lemma 2. Suppose P <c Q. Then: 

(i) — Q-correctness implies — ¥ -correctness. 

(ii) — Q-absoluteness -f Ej'^ — Q-correctness implies '^n+i — f -absoluteness. 
Proof. We prove both (i) and (ii) by induction on n. 

(i) n = 2 follows from Shoenfield's Absoluteness Lemma. Suppose it is true for n > 2 
and assume V is E^_,_;^ — Q-correct. Let (j){x) be a E^_|_]^-formula, (j){x) = 3yip{y,x) where 

is n^. Suppose first that V[t] |= 0(r). Then V[t] \= 3xip{x,T). So there is a P-name a 
such that V[r] = V[a,T] \= ip{a,T). By induction \= ^(cr,r); thus \= ^(r). 

Assume now that \= 4>{t). Hence |= 3x'^{x,t); and we can again find a P- 
name a such that |= ^/'(cr, r). By induction F[cr, r] |= ijj{a,T). So E^ — Q-correctness 
implies V"*^ \= iP{(t,t); thus \= (j){T). Hence by E^^^ - Q-correctness V[t] ^ (^(r). 

(ii) n = 1 follows from Shoenfield's Absoluteness Lemma. Suppose (ii) is true for 
n > 1 and assume V is E^^.2 — Q-absolute and E^^.^ — Q-correct. By (i) V is also 
^n+i — P-correct. Let be a E^^.2-sentence, = 3xil){x), where tp is H^^.^. Suppose first 
that F 1= 0; i.e. V \= il}{a) for some a e F. By induction \= ip{a); thus \= 0. 

Assume now that \= 0; i.e. \= iP{t) for some P-name r. By E^_,_j^ — P- 
correctness V[t] \= ipir). Hence E^_|_]^ — Q-correctness implies V"^ ^ 4>. Thus F |= by 
~ Q-absoluteness. □ 

Lemma 3 (Truss [Tr 1, 6.5]). D <c A. □ 
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Definition (Judah - Shelah [JS 1, § 0]). A ccc notion of forcing (P, <) is called Souslin 
iff it can be thought of as a E^-subset of the reals R with both < and ± (incompatibility) 
being S];-relations (in the plane R^). 

Note that all p.o.s discussed in this paper are Souslin. 

Theorem 3 (Judah [Ju, § 2]). Assume that Va e R (a;f < ujY), and¥ e V is a 
Souslin forcing. Then V isT,\ — F-correct. □ 

Theorem 4. - A-absoluteness implies that Va e R (cuf < cuY). 

Corollary 3. Ti\ — A-absoluteness implies Ti^— K-correctness, Hi-absoluteness, 
and S3 — 3-correctness. 

Theorem 5. E4 — A-absoluteness implies T,l{C) and ^1{B). 

The proof of Theorem 4 follows the lines of the proof of 2.6 in [BJS]. Theorem 5 
is a consequence of Theorem 4 and a result in [Ju, § 2]. We give the proof here for 
completeness' sake. — Note that S3 — D-absoluteness is equivalent to ^,2(8) [Ju, § 2]. 
Thus the implication S3 — A-absoluteness =^ S3 — '^-absoluteness (immediate from 
Lemmata 2 and 3) is just another version of the Raisonnier-Stern Theorem; and Corollary 
3 may be thought of as the corresponding result for S4. 

Proof of Theorem 4- Suppose there is an a G M such that u^^""^ — uiY ■ By E3 — A- 
absoluteness we have S2(>C); i.e. V6 e R {iJ,{Ra{L[b])) = 1) (see the beginning of this 
section). Note that x e Ra{L[b]) is equivalent to 

Vc (c ^ L[b] nBC V CIS not null V x ^c), 

where BC is the set of Borel codes which is n{ [Je, Lemma 42.1], and for c G BC, c 
is the set coded by c. As L[b] is E2 [Je, Lemma 41.1], Ra{L[b]) is a n2-set. Hence 
V6 G R {iJ,{Ra{L[b])) = 1) which is equivalent to 

V&3c (ce BC A CIS null A Vx (x G c V x G Ra{L[b]))) 

is a n4-sentence. So it is true in by S4-absoluteness; in particular i?a(L[a][r]) (where 
r is Amoeba over V) has measure one in V[r] which implies that there is a random real in 
V[r] over L[a][r], contradicting Corollary 1 in § 1. □ 

Proof of Corollary 3. Follows from Theorems 3 and 4 and Lemmata 2 and 3. □ 

Proof of Theorem 5 (Judah). Let (j){x) be a Sg-formula and A = {x; 0(x)}. We 
shall show that A is measurable in V. First note that the sentence A has measure zero is 
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equivalent to 

3c {ceBC ^ ^(c) = A Vx {^(t){x) V X e c)), 

which is S4. So by E4 — A-absoIuteness, if A is null in , it is also null in V . 

Hence assume that A is not null in . As fj,{Ra{V)) = 1 in , there is r G Ra{V)nA 
in V^; i.e. \= (f){r). By Eg — A-correctness V[r] \= (f){r). Now let (f){x) = 3yip{x,y), 
where V' is 112. Then there is an s e V[r] such that V[r] \= z/'(r, s). U a E V codes 
the parameters of ip and of the name of s, we have by Shoenfield's Absoluteness Lemma 
L[a][r] 1= 'ip{r,s). Let r be the B-name for the random real r and s(r) a B-name for s. 
Then the Boolean value ||?/'(r, s(r)) || is non-zero. Furthermore, if r' e s(r)) || fl F is 

random over L[a], then L[a][r'] |= ijj{r' , s{r')) and — by absoluteness — F |= ijj{r' , s{r'))] 
in particular V \= (/}{r'). 

By Eg — A-absoluteness we have that ij{Ra{L[a])) = 1 in V (cf Introduction). And 
the previous discussion gives us that Ra{L[a]) fl s(r))|| C A. This shows that any 
non-null Eg-sct has positive inner measure; and it is easy to conclude from this that any 
Eg-set is indeed measurable. 

Finally, E^B) follows along the same lines because A adds a comeager set of Cohen 
reals. □ 

Questions. 1) Does T.l{C) imply S4 - A-absoluteness? 

2) Does 'E\-Amoeba-meager-absoluteness (or'E\ — 'B-absoluteness) imply TjI{B)? (cf 
[Tr 1 , § 5] for Amoeba-meager forcing — the problem here is whether E4-Amoeba-meager- 

absoluteness implies Va e M (a;f < o;^); cf [BJS, § 2] for D — the problem here is that 
D does not add a comeager set of Cohen reals) 

3) Does Vn {V is E^ — A-absolute ) imply projective measurability? 

4) (Judah) Does E^(>C) imply E^(B) ? (cf Corollary 3) 
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